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Abstract. The paper presents a sensitivity analysis of the non-destructive numerical-experimental method for the 

identification of the elastic properties in laminated composite plate. The identification was performed on a 

laminated carbon fibre composite plate with laminate stacking sequence 0º/90º. The method is based on comparing 

natural frequencies between physical experiment and numerical results obtained by using response surface. 

Minimizing the error functional between the numerical and experimental data of vibration responses, the 

identification of materials properties can be performed. When solving the identification problem, it is 

recommended to take all experimentally obtained frequencies into the error functional. At the same time, different 

amounts of natural frequencies used for identification in the error functional show various values of material 

properties. Depending on the amount of frequencies in the error functional, different values of the elastic properties 

can be obtained. Eleven combinations of frequencies were used for identification of elastic properties. The 

percentage difference between experimentally measured and numerically calculated frequencies with various 

values of obtained elastic constants do not exceed 2.4%. Despite different values of elastic constants, small 

percentage difference shows good agreement between experimentally measured and numerically calculated 

frequencies. It can be seen that elastic constants obtained for the composite plate are fairly accurate in each case 

and can be used for modelling composite structures. 
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Introduction 

The modern laminated composite materials are widely used as structural elements in civil, 

aeronautical, marine and mechanical engineering due to their high specific strength and design 

performance [1-3]. However, determination the elastic constants of laminated composite materials is 

much more complicated in comparison with isotropic materials and requires more effort and time. 

Common methods of material properties characterisation include fracture and non-destructive methods. 

Most popular standards include fracture methods such as compression, flexural and tensile test [4-5].  

However, some materials used in testing can be expensive during manufacture that increase a cost 

of experiments. Non-destructive methods for determination of elastic properties can be regarded as an 

alternative of the fracture methods and allow to decrease the cost of experiments. In addition, the 

possibility to measure the elastic modulus of the specimens after processes acting on the material 

(temperature variations, aging, vapours, etc.) allows to reduce the consumption of material. Common 

methods of material properties characterisation include ultrasonic and different non-destructive tests. 

The ultrasonic technique is very popular for studying of isotropic and composite materials showing 

good correlation between tested and reported material properties [6-7]. The well known non-destructive 

standard test methods for determining the material properties include the impulse excitation and sonic 

resonant method. Both methods show equivalency of the measured results which values do not differ 

significantly [8]. The non-destructive acoustic test based on longitudinal free vibration shows good 

agreement with fracture mechanical methods and good repeatability [9]. 

Vibration test is widely used for testing and understanding dynamic behaviour of structures. The 

change of modal parameters (mode shape, frequencies, and damping) can be used for fault identification 

and to verify a finite element model with good accuracy [10-11]. An inverse technique based on 

vibration tests allows to determine isotropic, orthotropic and viscoelastic material properties of 

laminated composite [12-13]. This method is based on combination of numerical-experimental models 

and optimisation technique with application of the error functional. The error functional includes the 

difference between the response of the experimental and numerical model, which has to be minimized. 

The influence of model [14-15] and experimental [15-16] errors on identified material properties was 

studied to improve the accuracy and effectiveness of the inverse technique based on vibration tests. In 

comparison with destructive testing of laminated composite materials, vibration testing is inexpensive 

and rapid. 
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When solving the identification problem, it is recommended to take all experimentally obtained 

frequencies into the error functional. At the same time, different amounts of natural frequencies used 

for identification in the error functional show various values of material properties. The objective of this 

study is identification of carbon fibre composite material properties depending on the number of 

frequencies used in the error functional. 

Materials and Methods 

In the present experiment and research, the prepreg material was used. Firstly, prepreg was cut to 

corresponding sizes and then layered by hand layup method. Then, a vacuum bag system was used to 

create mechanical pressure on the preform of the laminated composite plate during its cure cycle. The 

dimensions of the composite plate are 490x240 mm. The plate consists of 20 single layers with the layup 

0/90 and total thickness of 1.854 mm. The density of the plate, measured by hydraulic weighting, is 

ρ = 1545.8 kg·m-3.  

The numerical-experimental method used in the present investigation consists of the several stages: 

(a) selection of the supposed values of elastic constants and creating the plan of the experiment; (b) 

numerical modelling of the laminated composite plate for the elastic constants selected; (c) 

approximation of the obtained data; (d) experimental testing of the laminated composite plate; (e) using 

the error functional for identification of elastic constants (Fig. 1).  

 

Fig. 1. Identification method, adapted from [17] 

The Latin Hypercube design (LH) was used for elaboration of the plan of the experiment and 

identification of the material properties of the laminated composite plate [18]. The design of the 

experiment is formulated for 5 parameters of identification and 101 experiments. According to LH 

design, the points of experiments are distributed as regular as possible. The maximum and minimum 

bounds for parameters of identification are listed in Table 1. According to reference [19] Poisson’s ratio 

ν23 is less sensitive to the frequencies, so it was fixed and equal to 0.325. 

Table 1 

Design Space 

Parameters of identification Minimum value Maximum value 

Young’s modulus E1, GPa 120.0 140.0 

Young’s moduli E2 = E3, GPa 7.0 10.0 

Shear moduli G12 = G13, GPa  1.0 5.0 

Shear modulus G23, GPa 1.0 5.0 

Poisson’s ratios ν12 = ν13 0.2 0.4 

For numerical modelling and modal analysis of the laminated composite plate, ANSYS16.0 

software was used. The finite element (FE) model of the plate was built by 4-node structural shell 

element SHELL181. Vibration of the plate was simulated with the free-free boundary conditions. Block 

Lanczos method was used for natural frequencies extraction and determination of the corresponding 

mode shapes. Before numerical analysis, mesh convergence studies were performed to obtain the results 

with an acceptable accuracy. 

The numerical data obtained by the finite element calculations according to the plan of the 

experiments was used to build the approximating functions. Elastic constant values of the laminated 

composite plate were approximated by a second order polynomial regression equation as shown in Eq. 

(1). 
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where F(x) – response;  

 xi and xj – values of parameters;  

 b0 – constant;  

 bi, bj, and bij – regression coefficients, respectively;  

 m – number of the parameters.  

In parallel, the laminated composite plate is tested in order to determine the vibration characteristics: 

natural frequencies and mode shapes, respectively (Fig. 2). The vibration characteristics were defined 

by POLYTEC PSV-400-B Scanning Laser Vibrometer. Hanging the plate on thin threads imitated the 

free-free boundary conditions. The composite plate was excited by a load speaker. The natural 

frequencies were obtained with accuracy of ± 0.05Hz. 

 

Fig. 2. Experimental set-up 

Finally, the values of elastic constants are identified using minimization of the error functional 

between the experimental fi
exp

 and numerically calculated frequencies fi
FEM in the relative difference: 
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Results and Discussion 

The numerical values of the first eleven frequencies obtained by finite element modelling in the 

points of design experiments were used to build the approximating functions by using the program 

EdaOpt [20]. Frequencies have been analysed and it is found that average adjusted R2 values are in the 

range 0.988−0.999. It means that the statistical models can explain more than 98.8% variability in the 

response and show good correlation between the results. 

In the next step, the elastic constants of the laminated composite plate were obtained by minimizing 

the error functional from Eq. (2). The values of the first four experimental frequencies were taken to 

determine the elastic constants. When the first values of the elastic constants are obtained, then the fifth 

frequency is added. Thus, all eleven frequencies are used for identification of the elastic properties 

(Eq. 3). The values presented in Eq. (3) are experimentally obtained natural frequencies. 
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The identification results obtained for the composite plate with different numbers of frequencies 

are presented in Table 2. It can be seen that the values of elastic constants after adding of the ninth 

frequency are situated on the minimum or maximum bounds of the design space. Shear modulus G23 is 

equal 1.00 GPa when the total number of frequencies is 9. When ten frequencies were used in the error 
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functional, the value of the shear modulus G23 becomes 5.00 GPa and the Young modulus E1 increases 

until 140 GPa which corresponds to the maximum bounds of the design space. Fig. 3 presents the value 

of the error functional with different amounts of frequencies. It is observed that the value of the error 

functional significantly increases after adding the eighth frequency. 

Table 2 

Elastic сconstants obtained by identification 

Elastic constant 
Number of frequencies 

1-4 1-5 1-6 1-7 1-8 1-9 1-10 1-11 

E1, GPa 130.57 130.58 131.11 131.47 130.93 136.34 140.00 140.00 

E2 = E3, GPa 8.61 8.62 8.12 7.63 8.33 8.65 9.68 9.87 

G12 = G13, GPa  3.91 3.91 3.93 3.94 3.95 4.11 4.18 4.19 

G23, GPa 2.92 2.93 2.95 2.96 3.03 1.00 5.00 4.82 

ν12 = ν13 0.314 0.315 0.309 0.301 0.323 0.323 0.361 0.363 

 

Fig. 3. Minimum value of the error functional 

The elastic constants determined with approximations and the error functional are verified by 

comparing the frequencies and mode shapes numerically calculated and experimentally measured. 

Percentage difference of frequencies is calculated by the following expression: 
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The percentage difference of numerically calculated and experimentally measured frequencies from 

Eq. (4) are presented in Table 3. It can be seen that these differences are very small and mostly do not 

exceed 2.4%. Despite the different values of elastic constants, small percentage difference shows good 

agreement between the experimentally measured and numerically calculated frequencies. It can be seen 

that the elastic constants obtained for the composite plate are fairly accurate in each case and can be 

used for modelling composite structures. 

Table 3 

Percentage change for carbon fibre composite plate 

Mode 
Number of frequencies 

1-4 1-5 1-6 1-7 1-8 1-9 1-10 1-11 

1 1.17 1.16 1.10 1.19 1.30 1.20 0.61 0.60 

2 0.04 0.03 0.31 0.33 0.29 0.22 0.29 0.33 

3 2.01 2.01 2.19 2.16 2.08 2.12 2.38 2.40 

4 1.11 1.12 0.84 0.83 0.86 0.86 0.87 0.82 

5 0.06 0.06 0.29 0.30 0.23 0.29 0.35 0.37 

6 0.78 0.79 0.40 0.27 0.47 0.49 0.64 0.64 

7 1.32 1.33 0.94 0.81 1.04 1.04 1.16 1.19 

8 1.38 1.37 1.71 1.81 1.59 1.65 1.57 1.53 

Table 3 (continued) 
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Mode 
Number of frequencies 

1-4 1-5 1-6 1-7 1-8 1-9 1-10 1-11 

8 1.38 1.37 1.71 1.81 1.59 1.65 1.57 1.53 

9 1.48 1.49 1.20 1.17 1.24 1.12 1.28 1.25 

10 1.83 1.82 2.13 2.22 1.99 2.11 2.03 1.94 

11 0.64 0.65 0.38 0.37 0.44 0.29 0.41 0.39 

Additionally, a comparative analysis between the experimentally measured and numerically 
calculated mode shapes with the obtained frequencies from the identification procedure is performed. 
Fig. 4-5 present a four typical mode shapes for the 1st, 4th and 8th frequencies (a – experimentally 
measured; b – numerically calculated). 

 

a)        b) 

 

    a)           b) 

Fig. 4. 1st frequency Fig. 5. 8th frequency 

Conclusions 

1. The identification procedure based on the numerical-experimental method was performed on a 

laminated carbon fibre composite plate with laminate stacking sequence 0º/90º. The elastic 

constants obtained in different combinations of frequencies were used for comparative analysis of 

the numerically calculated and experimentally measured frequencies. 

2. The percentage differences do not exceed 2.4% for the numerically calculated and experimentally 

measured frequencies in vibration response with various values of elastic constants determined for 

various combinations of the frequencies used in the identification procedure.  
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